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Abstract 

In this paper, we study hyponormal weighed composition operators 
on the Hardy and weighted Bergman spaces. For functions if) £ A(O) 
which are not the zero function, we characterize all hyponormal com¬ 
pact weighted composition operators on H 2 and A 2 . Next, we 

show that for f £ LFT(D), if C v is hyponormal on H 2 or A 2 , then 
f(z) = A z, where |A| < 1 or f is a hyperbolic non-automorphism with 
y(0) = 0 and such that f has another fixed point in c®. After that, 
we find the essential spectral radius of C v on H 2 and A 2 , when f has 
a Denjoy-Wolff point ( £ e®. Finally, descriptions of spectral radii are 
provided for some hyponormal weighted composition operators on H 2 
and A 2 a . 

0 


1 Introduction 

Let B denote the open unit disk in the complex plane. The algebra A(B) 
consists of all continuous functions on the closure of B that are analytic on 
B. The Hilbert spaces of primary interest to us will be the Hardy space H 2 
and the weighted Bergman spaces A? 0 . For / which is analytic on B, we 
denote by fin) the n-th coefficient of / in its Maclaurin series. The Hardy 
space H 2 is the collection of all such functions / for which 

OO 

ll/lli = ^2\f{n)\ 2 < oo. 

71=0 
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For a > — 1, the weighted Bergman space A 2 consists of all analytic / on B 
such that 


2 _ 

a+2 ~ 


\f(z)\ 2 (a + 1)(1 - \z\ 2 ) a dA(z) < oo, 


where dA is normalized area measure on D. Throughout this paper, let 7 = 1 
for H 2 and 7 = 0 + 2 for A 2 . We know that both the weighted Bergman 
space and the Hardy space are reproducing kernel Hilbert spaces, when the 
reproducing kernel for evaluation at w is given by K w (z) = (1 — wz) -7 for 
z, w € ID. Also the norm of K w is (1 — |tc| 2 ) _7//2 . We write H°° for the space 
of bounded analytic functions on B, with supremum norm H/Hoo- 

Let <p be an analytic self-map of B. If H is a Hilbert space of analytic 
functions on B, the composition operator on H is defined by the rule 
Cip(f) = f o <p. Moreover, for an analytic function ^ on B and an analytic 
self-map ip of B, we define the weighted composition operator C^ >tp on H 
by C^f = / 0 + for all f € H. Such weighted composition operators are 

clearly bounded on H 2 and A 2 when if; is bounded on B, but the bounded¬ 
ness of i/j on B is not necessary for to be bounded. Moreover, if 
is bounded on H 2 or A 2 , then by [ 2 | Lemma 1] and [111 p. 1211], 


C ^( K w) = ip{w)K v(w) . (1) 

Let P denote the projection of L 2 (<9B) onto H 2 . For each b € L°°(<9B), 
the Toeplitz operator T& acts on H 2 by T&(/) = P{bf). Also suppose that 
P a is the projection of L 2 (B,cL4 Q ) onto A 2 . For each function w £ L°°(B), 
the Toeplitz operator T w on A 2 is defined by T w (f) = P a {wf). Since P and 
P a are bounded, the Toeplitz operators are bounded on H 2 and A 2 . 

A linear-fractional self-map of B is a map of the form 


P(z) 


az + b 
cz + d 1 


( 2 ) 


with ad — be 7 ^ 0, for which +(B) C B. We denote the set of those maps by 
LFT(B). It is well known that the automorphisms of B, denoted Aut(B), 
are the maps in LFT(B) that take B onto itself, and that they are of the 
form ip(z) = A (a — z)/( 1 — az), where |A| = 1 and |a| < 1 (see [3]). The 
automorphisms will be classified into three disjoint types: 

• Elliptic if one fixed point is in the disk and the other is in the comple¬ 
ment of the closed disk. 

• Hyperbolic if both fixed points are on the unit circle. 

• Parabolic if there is one fixed point on the unit circle of multiplicity 2. 
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Suppose p £ LFT(D) is as in Equation (2). It is well-known that the 
adjoint of C v acting on H 2 and A 2 a is given by C* = T g C a T£, where a(z) := 
(az — c) /(—bz + d) is a self-map of D, g(z) := (—bz + d ) -7 and h(z) := 
(cz + d) 7 . Note that g and h are in H°° (see jBj and [T2]). If p(() = r) for 
C,T] £ 91®, then < 7 ( 77 ) = £. We know that p is an automorphism if and only 
if a is, and in this case a = p . The map a is called the Krein adjoint of 
p. We will refer to g and h as the Cowen auxiliary functions for ip. From 
now on, unless otherwise stated, we assume that < 7 , h and g are given as 
above. In m and HS3, the adjoint of C v , modulo the ideal of compact 
operators on H 2 and A 2 , was obtained, when ||<^||oo = 1 but (p is not an 
automorphism; then in m the present authors gave another proof for the 
form of this adjoint. 

We say ip has a finite angular derivative at a point ( £ <90 if there is 
a point w £ 90 such that (<p(z) — w)/(z — C) has a finite limit as 2 tends 
nontangentially to £. This limit, if it exists, is called the angular derivative 
of ip at C, and is denoted by p '(£). Throughout this paper, let F(p) denote 
the set of all points in 90 at which p has a finite angular derivative. 

Let <p be an analytic map from the open unit disk into itself which is 
neither the identity map nor an elliptic automorphism of O. The function 
tp can have at most one fixed point inside the open unit disk. If p has a 
fixed point a inside the open unit disk, then \p'(a) \ <1. If p has no fixed 
points inside the open unit disk, then it will have at least one fixed point on 
the unit circle and for only one of these points, say a, 0 < p'(a) < 1. The 
absolute value of the derivative at other fixed points on the unit circle are 
either greater than 1 or they do not exist at all. Therefore, it is clear that p 
has exactly one fixed point a on the closed unit disk satisfying |v? / (a)| < 1. 
This point is known as the Denjoy-Wolff point of p. Also for each z £ D, 
lim n _ ) . 00 p n (z) = a, where po is the identity map and p n denotes the n-th 
iterate of p. 

We say that an operator A on a Hilbert space H is hyponormal if 
A*A — AA* > 0, or equivalently if ||A*/|| < ||A/|| for all f £ H. Recall that 
an operator T on a Hilbert space H is said to be normal if TT* = T*T on 
H. Also T is unitary if TT* = T*T = I. The normal composition operators 
on and H 2 have symbol p(z) = az, where |a[ < 1 (see [lOj Theorem 
8.2]). Also, it is easy to see that only the rotation maps p(z) = (z, |£| = 1, 
induce unitary composition operators C^ on H 2 and A 2 . The normal and 
unitary weighted composition operators on H 2 and A^ were investigated in 
[2] and |Toj . Cowen et al. [9] found the relationship between properties of 
the symbol p and the hyponormality of composition operators C^. After 
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that Zorboska [21] investigated the hyponormal composition operators on 
the weighted Hardy spaces. Recently in [7j, Cowen et al. investigated that 
when C*, is hyponormal. In this paper, we are interested in the hyponor¬ 
mal composition operators and weighted composition operators on H 2 and 
A 2 a . Our description of all hyponormal compact weighted composition op¬ 
erators m on H 2 and A 2 a induced by nonzero functions ip £ A(B), which 
appears in Section 2, reveals that for such operators both ip and ip are linear- 
fractional self-maps. Moreover, in Section 2, we see that for ip £ LFT(B), 
if CL is hyponormal on H 2 or A^, then CL is normal or ip is a hyperbolic 
non-automorphism with <^>(0) = 0 and such that ip has another fixed point 
in c®. In the final section of this paper, we investigate the spectral radii of 
some hyponormal weighted composition operators on H 2 and A? a . 

2 Hyponormal weighted composition operators on 
H 2 and A 2 a 

In this section, we find some hyponormal weighted composition operators on 
H 2 and A 2 . Let H be a Hilbert space. The set of all bounded operators and 
the set of all compact operators from H into itself are denoted by B(H) and 
respectively. Suppose that T belongs to B{H 2 ) or B{A 2 a ). Through 
this paper, the spectrum of T, the essential spectrum of T, the approximate 
point spectrum of T and the point spectrum of T are denoted by <t 7 (T), 
<Te )7 (T), (TapAT) and £7p i7 (T), respectively, for H 2 and A 2 a . Also the spectral 
radius of T and the essential spectral radius of T are denoted by r 7 (T) and 
r e , 7 (T), respectively. Moreover, we denote by ||T|| 7 and ||T|| e , 7 the norm 
of the operator T and the essential norm of the operator T, respectively, 
on H 2 and In this paper, for r € C and a set A C C, we define 

rA := {ra : a £ A}. 

In P, Bourdon proved the next lemma for H 2 . We show that jU Lemma 
5.1] holds for A 2 . The idea of the proof of the following lemma is inspired 
by IH Lemma 5.1]. 

Lemma 2.1. Suppose that ip, not the identity and not an elliptic auto¬ 
morphism of ID), is an analytic map of the unit disk into itself with Denjoy- 
Wolff point £. Assume that ip £ H°° extends to be continuous on B U {£} 
(if C £ dB>). Suppose that is considered as an operator on A 2 a . If A is 
an eigenvalue of then |A| < \ip(Q\r a+ 2(Cep). Ifip(Q = 0 and ip and ip 

are nonconstant, then C ^ has no eigenvalues. 
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Proof. Let A be an eigenvalue for C^ tip with corresponding eigenvector 
/ G A Since Cf / = A n f, for each positive integer n and z G D, we have 


n— 1 


3=0 


A n f(z). 


(3) 


For any fixed point zeD and positive integer n, one can easily see that 


\f(<Pn(z))\ = 

< 

< 


I (/ ° <Pn,K z ) | 

11/ ° Thi 11 a+211 K z 11 a+2 

|| /-m i| _ ll/lla+2 _ 

ll Ly ^Ha+2 ^ _ | i2)(a+2)/2 ' 


(4) 


Because / is not the zero function, there is z G D such that f(z) / 0. Since 
{z} is a compact set, by the Denjoy-Wolff Theorem, <pj(z) —> ( as j > oo. 
Hence if(ipj(z)) —> if(() as J —>• oo. Equations (3) and (4) yield 


|A n /(*)| 1/n < 


n— 1 


n^w) 

J=0 


/||/|U +2 ||^|| q+ 2\ 1/: 

V(i-1 2 | 2 )(“+2)/ 2 / 


(5) 


Letting n —> oo, by Equation (5) we have 


|A| < \if{C,)\r a+2 {C v ). (6) 

Now suppose that if(C) = 0. Hence by Equation (6), a p ,a+2(C'i/’)¥ 3 ) — {®}' 
If 0 G cr Pta+ 2 {C^ ;l p), then there is / G A 2 a such that / is an eigenvector for 
Ci/),<p with corresponding eigenvalue 0 and iff o ip = 0. Since if is not the 
zero function and ip is not a constant function, the Open Mapping Theorem 
implies that / = 0 and it is a contradiction. □ 


Proposition 2.2. Suppose that ip, not the identity and not an elliptic 
automorphism of B, is an analytic map of the unit disk into itself with 
Denjoy-Wolff point (. Assume that if G H°° extends to be continuous on 
B U {C} (if C dJ}). Suppose that ip and if are nonconstant. If if (Cf) = 0 
and (T en {C^ tV ) = {0}, then is not hyponormal on H 2 and A 2 . 

Proof. Assume that C^ v is hyponormal on H 2 and A 2 . Since if(C) = 0, 
by[H Lemma 5.1] and Lemma 2.1, cr Pi 7 (C^, )¥ ,) = 0. Invoking [4, Proposition 
6.7, p. 210] and [4] Proposition 4.4, p. 359], we see that d = {0}. 
Thus, r 7 (C^ )¥ ,) = 0. Then [20, Theorem 1] ensures that ||C. 0 iV ,|| 7 = 0. Hence 
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ip = 0 and it is a contradiction. 


□ 


Corollary 2.3. Let <p be an analytic self-map of B with Denjoy-Wolff 
point f, where |£| = 1. Assume that ip G H°° is continuous at f. Then C 
is not a hyponormal compact operator on H 2 and A 2 a . 

Proof. Assume that CL, m is a hyponormal compact operator on H 2 
or A 2 . If ip is a constant function, then is hyponormal. Thus, by 
m Theorem 1], </?(0) = 0 and it is a contradiction. Now assume that ip 
is nonconstant. We have o' erf (C\p, f ) = {0} and ||Cy , i¥ ,|| ei7 = 0. If Q is 
an arbitrary compact operator on H 2 or A 2 , then by [ilO] Theorem 2.17], 
Equation (1) and the Julia-Caratheodory Theorem, we have 

HCl/^ — Q\\-y > 


Hence ||C. 0 i¥ ,|| ei7 > |"0(C)II^IC)I 7//2 and so ip(() = 0 . Proposition 2.2 im¬ 
plies that is not hyponormal and it is a contradiction. □ 

Suppose ip is not the zero function and ip G A(B). In the next theo¬ 
rem, we see that all hyponormal compact weighted composition operators 
Cy, j¥> on H 2 and A 2 were exhibited in |2], Theorem 10] and [T5| Theorem 4.3]. 

Theorem 2.4. Let p be an analytic self-map of B. Assume that ip is not 
the zero function and ip G A(B). The weighted composition operator Cis 
a hyponormal compact operator on H 2 or A 2 if and only if ip = ip(p) 
and ip = a p o(5a p ), where p G B is a fixed point of ip, a p (z) = (p—z)/(l—pz) 
and 5 is a constant such that |<5| < 1. 

Proof. Let „ be a hyponormal compact operator. Assume that ip is 
a constant function. By [5] Proposition 4.3, p. 47], it is not hard to see that 
Cp is hyponormal. Hence [5] Corollary 4.9, p. 48] implies that C p is normal. 
Since C p is compact and normal, we see that <p(z) = 5z, where |5| < 1. Thus, 


lim 

r—tl 


(C^ - QY 


K. 


r C 


\K, 


r C II7 


I K, 


r —^1 || Tv r ^|| 7 


lim \ip(rf)\ 

r —>■! 


7/2 


1 - |rC| 2 

mw(0 r 7/2 - 


6 










the result follows. Now assume that ip is not a constant function. We claim 
that p has a fixed point in B. Assume that ip has no fixed point on B and 
so there is £ £ <90 which is the Denjoy-Wolff point of ip. By the proof of 
Corollary 2.3, ip(C) = 0- Lemma 2.1 and [U Lemma 5.1] imply that C^ j(p 
has no eigenvalues, so by ||4j Theorem 7.1, p. 214], = {0}. Since 

Oea (CVw) - cr e, 7 (C'i/’^) = I 0 )- Therefore, by Proposition 2.2, 

is not hyponormal and it is a contradiction. Hence we conclude that 
ip must have a fixed point p E B. Since C^ ttp is a hyponormal compact 
operator, by [5] Corollary 4.9, p. 48], C^ t<p is normal. Then by [2] Theorem 
10] and [15, Theorem 4.3], ip = ip{p) K v oip and ip = a p o ( 5a p ), where |<5| < 1. 
Assume that |<5| = 1. It is not hard to see that a p o(5a p ) is an automorphism 
of B, when |<5| = 1. Also [IT, Proposition 3.9] and |17l Theorem 10] imply 
that is not compact and it is a contradiction. Therefore, |5| < 1. 

Conversely, it is easy to see that 99 (B) C B. Hence by [lO, p. 129], 
is compact. The conclusion follows from [ 2 ] Theorem 10] and | T5I Theorem 
4.3], □ 

By the proof of Theorem 2.4, Corollary 2.5 follows immediately. 

Corollary 2.5. Let C p be a hyponormal compact operator on H 2 or A^- 
Then p{z) = cz, where |c| < 1. 

Proposition 2.6. Let ip be an analytic self-map of B. Assume that C p 
is hyponormal on H 2 or A 2 . If ip has a finite angular derivative at C, then 

1^(01 > L 

Proof. Assume that p has a finite angular derivative at (. Since C p is 
hyponormal, by [ 2It Theorem 1] and Schwarz’s Lemma, (1 — | 9 ?(w;)|)/(l — 
|rt>|) > 1. Hence liminf | tu |^. 1 > 1. Therefore, by [iQl Proposition 

2.46], |^(C)| >L " □ 

Proposition 2.7. Suppose that <p is an analytic self-map of ID. Assume 
that ip € A(B) and {e ie : \p(e ld )\ = 1} has only one element £. Let ip € H°° 
be continuous at (,. If ip(C) = 0, then C x j,< p is not hyponormal on H 2 and 
A 2 

* 

Proof. Assume that CL,^ is hyponormal. Let ip{Cf) = 0. Then by [ TTj 
Proposition 2.3] and [13= Corollary 2.2], is compact. We claim that tp 
has a fixed point in B. Assume that p has no fixed point in B, so ( is the 
Denjoy-Wolff point of p. Corollary 2.3 shows that C is not a hyponormal 
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compact operator and it is a contradiction. Then p must have a fixed point 
in B. Since is normal, by [2] Theorem 10] and {TB* Theorem 4.3], we 
can see that tp(C) / 0. It is a contradiction. □ 


Suppose that p £ LFT(D) and y?(B) C B. Therefore, p has a fixed 
point in B and is compact. If is a hyponormal operator, then it 
is normal. These operators were characterized in [21 Theorem 10] and [15] 
Theorem 4.3]. 

Suppose that p £ LFT(B) is not an automorphism but has ||</j||oo = 1- 
We classify p as follows: 

• Hyperbolic non-automorphism of B which has a fixed point in SB of 
multiplicity 1. Also it has another fixed point in the complement of SB. 

• Parabolic non-automorphism of B with a fixed point in SB of multi¬ 
plicity two. 

• Non-automorphism with sup-norm equal to 1 such that it does not 
have a fixed point in SB. It necessarily has a fixed point in B. 

In [3 Theorem 23], Cowen et al. stated that if ip is a hyperbolic non¬ 
automorphism with Denjoy-Wolff point £ in SB, then there is no if £ H°° 
continuous at Q such that is hyponormal on H 2 . Now suppose that 
p is a linear-fractional self-map of B, not an automorphism, which satisfies 
(p(C) = i], where £, p £ SB and f ^ p. Also let i/) £ H°° be continuous at £. 
In Proposition 2.8, we show that v is not hyponormal on H 2 and A 2 . 

If A and B are subsets of complex plane and A 0 is constant such that 
A = A B, then it is not hard to see that sup{|a] : a £ A} = Asup{|6| : b £ B}. 
We use this fact in the proof of the following proposition. 

Proposition 2.8. Suppose that p is a linear-fractional self-map of B, 
not an automorphism, which satisfies p(C) = V> where Q,p £ SB and ( A V- 
Let if £ H°° be continuous at Suppose that if is not the zero function. 
Then C ^ is not hyponormal on H 2 or A 2 a . 

Proof. By Proposition 2.7, assume that ip(C) 7^ 0. We claim that there 
is t £ (-oo,-1^(01 V(C)M such that t £ <r e , 7 (C^ - C^ >ip C^ >ip ). 

This may be seen as follows. By [11, Proposition 2.3] and [13] Corollary 
2.2], v ) = \^(C,)\ 2 (j en {C v C^). Now using pjj, Theorem 3.1], 

m Proposition 3.6] and [16, Theorem 3.2], we have ) = 

\^{C)\ 2 \t'{OA 1 a e,'y{C aoip ). By the fact which was stated before Propo¬ 
sition 2.8, we can see that ^(C^C^) = \if{C,)\ 2 \p' (C)\~^r en (C cotp ). 

Therefore, r en (C^ v C^ v ) = IlKOlfVCOT 7 l™n-*x> \\C™o<ptea ■ Also [13 
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Proposition 3.4] implies that (a o p)'{ C) = 1- Hence by [141 Theorem 5.2], 
one can easily see that r en {C^ jtp C^^) > |V’(C)| 2 |v ?, (C)[ _7 - Since 
is positive, there is A > |V ; (C)! J | ( / J, (C)I _7 such that A £ cr ej7 (C^Cy, ). 
Let z, z* and e be the cosets of C^ tip , C^, and / in the Calkin algebra 
B(H 2 )/B 0 {H 2 ) or B(Al)/B 0 {A 2 a ). By [H] Proposition 2.3], [H Theo¬ 
rem 3.2], [13j Corollary 2.2] and [T3J Theorem 3.1], it is not hard to see 
that (zz*)(z*z) = (z*z)(zz*) = 0 and so the C*-algebra generated by zz*, 
z*z and e is commutative. Let A be the commutative (7*-algebra gener¬ 
ated by zz*,z*z and e. We denote the collection of all nonzero homomor- 
phisrns of A —> C by E. Since ( zz*)(z*z ) = ( z*z)(zz *) = 0, m(z*z ) = 0 or 
m(zz*) = 0 for each rn £ S. Therefore, by [4J Theorem 8.6, p. 219], we 
have -A £ a eri (C^C^ - Hence C^ j(p is not hyponormal on 

H 2 and A 2 . □ 

A map p £ LFT(B) is called parabolic if it has a fixed point £ £ dO of 
multiplicity 2. The map t(z) := (1 + (z)/(l — C z ) takes the unit disk onto 
the right half-plane n and sends f to oo. Therefore, f := r o p o r^ 1 is a 
self-map of n which fixes only oo, and so must be the mapping of translation 
by some number t, where necessarily Ret > 0. Note that Ret = 0 if and only 
if <p £ Aut(B). When the number t is strictly positive, we call ip a positive 
parabolic non-automorphism. Among the linear-fractional self-maps of B 
fixing £ £ SB, the parabolic ones are characterized by p'{Cf) = 1. 

Suppose that ip is a linear-fractional self-map of B. In the following the¬ 
orem, we see that if C v is hyponormal, then p(z) = A z, when |A| < 1 or <p 
is a hyperbolic non-automorphism with a fixed point £ £ 

Theorem 2.9. Let p be a linear-fractional self-map of B. If is 
hyponormal on H 2 or A? a , then p(z) = A z or p(z) = (1 — \c\)z/(cz + 1), 
where |A| < 1 and 0 < |c| < 1. 

Proof. Let ip £ LFT(B) and C^ be hyponormal. By [21] . we know that 
<p(0) = 0. We break the proof into five parts. 

(1) Let p £ Aut(B). Since 99 ( 0 ) = 0, we can easily see that p(z) = A z, 
where |A| = 1. 

(2) Let </?(B) C B. Then by [TOj, p. 129], C v is compact. [5] Corollary 
4.9, p. 48] implies that C^ is normal. Hence p(z) = A z, where |A| < 1. 

(3) Suppose that p is a linear-fractional self-map of B, not an automor¬ 
phism, which satisfies p{Cf) = V for some £,77 € <9B and C 7 ^ V- Then by 
Proposition 2.8, C^ is not hyponormal. 
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(4) Let ip be a parabolic non-automorphism of D. Then ip has only one 
fixed point in 3D and it is a contradiction. 

(5) Let p be a hyperbolic non-automorphism with a fixed point £ £ 3D. 

Since <^(0) = 0, we can easily see that ip is a map of the form ip(z) = 
az/(cz+1), where a, c £ C and c / 0. We have £ = aC/( c C+l)> so a = cC+1. 
If a is the Krein adjoint of ip, then a(z) = (c( + 1 )z — c. We have |c| < 1, 
because <r(0) £ D. By [13, Proposition 3.4], ip o a is a positive parabolic 
non-automorphism. Let t(z) = (1 + £z)/(l — £z). Then ro^offor^ 1 sends 
0 to a strictly positive number. One sees, after some patient calculation, 
that r(<^(cj(r~ 1 (0)))) = (—2|c| 2 — 2Re(cC))/(cC + 1). Since — 2|c| 2 — 2Re(c£) 
is a real number, c£ is a real number. If c( > 0, then t(</?(ct(t - 1 (0)))) < 0. 
Therefore, c( < 0 and c( = —|c|. Hence ip(z) = (1 — \c\)z/{cz + 1). □ 

3 Spectral radii of hyponormal weighted compo¬ 
sition operators on H 2 and A 2 a 

We know that if an operator T is hyponormal, then ||T|| = r(T). In this 
section, we investigate spectral radii of weighted composition operators. 

Lemma 3.1. Suppose that ip is an analytic map of the unit disk into 
itself with Denjoy-Wolff point ( £ 3D. Then the essential spectral radius of 
C v on H 2 or A 2 is <£ >, (C) _7 ' /2 - 

Proof. By using the general version of the Chain Rule given in [19] 
Chapter 4, Exercise 10, p. 74], we see that <p' n {Q = AiCA- By [HJ Theorem 

5.2], r e „(C v ) = limn-Kx) W^jl^ > limn-wo ( |^ n (fl|-r/a ) ' = 

Also by [10] Theorem 3.9] and [12] Theorem 6], ^(C) -7 ^ 2 = ?' 7 (C' V ,) > 
r er/ (C lf ), so the result follows. □ 

Suppose that ip is an analytic self-map of D and a is a complex number of 
modulus 1. Since R e (]^r^ is a positive harmonic function on D, there exists 

a finite positive Borel measure p a on 3D such that = Re 

= P z dp a for each z £ D, where P z (e ie ) = (1 — |z| 2 )/|e* e — z | 2 is the Pois¬ 
son kernel at z. The measures p a are called the Clark measures of ip. There 
is a unique pair of measures pff and p s a such that fi a = pff + p s a , where 
pff and p s a are the absolutely continuous and singular parts with respect 
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to Lebesgue measure, respectively. In particular, if ip is a linear-fractional 
non-automorphism such that p(() = V f° r some (, r/ £ 50, then p s a = 0 
when a rj and /i® = | <p (C)! -1 *^, w l iere is the unit point mass at C- We 
write E{ip ) for the closure in 50 of the union of the closed supports of p s a 
as a ranges over the unit circle. We know that F(<p) C E(<p) (see |14l p. 
2919]). For information about the Clark measures, see [14j . 

Lemma 3.2. Let ip be an analytic self-map of D. Suppose that <p £ A (ID)) 
and the set of points which <p makes contact with 50 is finite. Assume that 
there are a positive integer n and C £ 50 such that E(p n ) = {C}? where C 
is the Denjoy-Wolff point of p. Let if £ H°° be continuous at £. Then 

r 7 (c„,,„) = woi»>'(cr 7/2 . 


Proof. Since C is the Denjoy-Wolff point of p, F(p n ) = {£}■ Also we 
have p' n {C) = p'((f) n . Since o~ erf (C ipn ) is a compact set, by Lemma 3.1, there 
is A € (T e ^(C<p n ) such that |A| = r e , 7 (C(,J = p’ (C) _n7 / 2 . Since 99 (C) = 
c, m Corollary 2.2] and ED Proposition 2.3] imply that a eri (Cf J) = 
<7e, 7 (T9,.v,o ¥J ...i/ J o ¥3n _iC' ¥ , ri ) = ip(( ) n u e , 7 (C (/ , ri ). We may now apply Lemma 2.1 
and m Lemma 5.1] to observe that |/z| < |V’(C)| ri ' r 7 (Cvn) for each p in 
Then by (T2J Theorem 6] and |IQi Theorem 3.9], we have for 
each (jl £ ^(C^), \p\ < |VKC)I V(C) _n7/2 - By g, Proposition 6.7, p. 
210] and gl Proposition 4.4, p. 359], 


5u 7 (C^) C * ap „(C% tV> ) C a p , 7 (C^) Ua e , 7 (C^). 
Therefore, we can easily see that ) = |V , (C)l ^ V , (C) _n7/,2 • We have 

r 7 (C+,„) = Um ||Cft|iy<"*> = (r 7 (CJ„)) 1/n = |V-(Olv'(C)“ l/2 . 


□ 


Corollary 3.3. Suppose that 99 is a parabolic non-automorphism with a 
fixed point ( G 5B. Let if G H°° be continuous at C- Then on H 2 and A 2 , 


r i( c i>,v) = IV>(C)I- 
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Proof. Since p'{Cf) = 1, the desired conclusion follows from Lemma 3.2. 


□ 


In El Theorem 21], Cowen et al. showed that a hyponormal weighted 
composition operator on H 2 with a composition symbol p as a positive 
parabolic non-automorphism is automatically normal. In the following propo¬ 
sition, for p which is a parabolic non-automorphism, we find a necessary 
condition for C^ j(p to be hyponormal on H 2 and A^. 

Proposition 3.4. Let p be a parabolic non-automorphism with a fixed 
point ( £ 90. Suppose that if £ H°° is continuous at £. If is hyponor¬ 
mal on H 2 or A^, then for each w £ O, 

wc)l £ l ^ ( "' )l ( i-TJwiO - (7) 


Proof. Since C^ jip is hyponormal, by |5] Proposition 4.6 p. 47] and 
Corollary 3.3, ||Cy, i¥ ,|| 7 = |t/>(£)|. By Equation (1), we have 


IIJ 7 = ||c; J 7 > \\ c ; jk w /\\ k u 


17U17 


( i-m 2 v /2 

Vi-i^hi 2 ; 


as desired. 


□ 


Example 3.5. Let p be a parabolic non-automorphism with fixed point 
1. Assume that ifi(z) = and ip 2 (z) = —3 z 2 + 2z + 3. Setting w = 0 and 
Q = 1 in Equation (7), we get C^ li¥ , and C are not hyponormal. 

Proposition 3.6. Let p be an analytic self-map o/O with p(0) = 0 and 
if £ H°°. Suppose there is a positive integer n that {e 10 : \p n (e t9 )\ = 1} = 0. 
If is hyponormal on H 2 or A 2 , then ||C 0 )¥ ,|| 7 = r 7 (C^, j¥ ,) = |g/>(0) |. 

Proof. Since p n (p) C O, by [10, p. 129], C$ jtp = 0(p ...^ 0ipn _ 1 , ipn is 

compact. Therefore, a e ^(Cf ; = {0} and so by the Spectral Mapping The¬ 
orem, <r e 7 (d 0 j¥ ,) = {0}. Schwarz’s Lemma implies that 0 is the Denjoy-Wolff 
point. Invoking Lemma 2.1 and [TJ Lemma 5.1], for each A £ a p ^(C^ jip ), 
|A| < |-0(O)|?’ 7 (C' V ,). Hence by [12] Theorem 6 ] and [TU] Theorem 3.9], for 
each A £ cr p ^(C^ tip ), |A| < |i/>(0)|. By [U Proposition 6.7, p. 210] and 
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[3J Proposition 4.4, p. 359], C a ea U Hence 

< 1-0(0)|- We have 

\\C^\\i = WCfJi > WC^KoW, = ^(0)|||^ (0) || 7 = |0(O)|. 

Since is hyponormal, ||C^ iV ,|| 7 = 70(0,0 = |0(O)|. □ 

Proposition 3.7. Let p be analytic on B with 0B) C B and 00) = 0. 
Assume that there is an integer n such that {e l6 : \tp n (e ie )\ = 1} has only one 
element ( which is a fixed point of p and ( £ F(0. Suppose that p £ A(B) 
and if £ H°° is continuous at £. If C^ }ip is hyponormal on H 2 or A? a , then 

< WC^ipWj < max{\i/j(C)\,\if(0)\}. 


Proof. Assume that 00) = 0 and p(Q = (, where ( £ <9B. By [131 
Corollary 2.2] and [Fl, Proposition 2.3], cr erf (C™) = (T er/ {C^ otp ^ otpn _ 1>tpn ) 
= if(C) n °'e,'y{C ipn ). By [TUI Corollary 3.7] and [T8J Lemma 2.3], we see that 
r e<< 10(0| n r e , 7 (C0) < m)\ n \\C v J-y < I0OT- Hence by the 
Spectral Mapping Theorem, r e 0(00 < |0(C) I - As we saw hi the proof 
of Proposition 3.6, m Theorem 3. 9], [12, Theorem 6], Lemma 2.1 and [H 
Lemma 5.1] imply that for each A £ cr p 0(00, |A| < |0(O)|. Also by (4[ 
Proposition 6.7, p. 210] and [3J Proposition 4.4, p. 359], ckr 7 ((00 C 
cr e)7 (C'^ )¥J )U<T Pi7 (C'^). Hence 70(00 < max{|0C)|, |0(O)|}. By Equation 
(1), we see that for each r < 1, 


IICWI^HIC, 


> 


II7 — 


a 


K, 




r( 


\\Krd 


= I0OI 5 


1 - |rC| 2 
l-|0rC)| 2 


Then by the Julia-Caratheodory Theorem (see uni Theorem 2.44, p. 51]), 


IICWII 7 > lim | 0 t 0| 2 


1 + K| 

1 + 1001 


1 - Kl 

1 - 10701 


= 10(C)! 2 


1 

McF 


Since ||<FA 0 )V ,|| 7 = 70 ( 00 , the result follows. 


□ 


Let H be a Hilbert space of functions analytic on the unit disk. If the 
monomials l,z,z 2 ,... are an orthogonal set of non-zero vectors with dense 
span in H, then H is called a weighted Hardy space. We will assume that 
the norm satisfies the normalization ||1|| = 1. The weight sequence for a 
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weighted Hardy space H is defined to be j3(n) = ||z n ||. The weighted Hardy 
space with weight sequence f5(n) will be denoted H 2 ((3). The norm on H 2 (/3) 


is given by 


E OO 
7=1 


j =0 u 3 


aiz J 


= Sfeo \ a j\ 2 PU) 2 - We know that H 2 and A 2 a are 


weighted Hardy spaces (see m)- 

Suppose that ip, not the identity and not an elliptic automorphism of D, 
is an analytic map of the unit disk into itself with ip(0) =0. In the following 
proposition, we show that for a hyponormal weighted composition operator 
if r erf {C^j„) < IV’(O)!, then ip is constant and is hyponormal. 


Proposition 3.8. Suppose that ip, not the identity and not an elliptic 
automorphism of B, is an analytic map of the unit disk into itself with 
99(0) = 0 . Assume that ip G H°° and for each A G £r ej7 (C^ )V ), |A| < |-0(O) |. 
If Cif>,(p hyponormal on H 2 or A? a , then ip is constant, C v is hyponormal 
and ||Ij-y — r ~{— |'0(O)|. 

Proof. By [L] Lemma 5.1], Lemma 2.1, [10, Theorem 3.9] and [12, The¬ 
orem 6 ], for each A G < 7 Pj 7 (C|A| < |^(0)|. [4, Proposition 6.7, p. 210] 
and jU Proposition 4.4, p. 359] imply that r 7 (Cl 0 i(/3 ) < |i/>(0)|. Since C^ jtp 
is hyponormal, |^(0)| > ||C. 0 j¥ ,|| 7 > ||C , ,/, i¥ ,l || 7 = ||^|| 7 . Since H 2 and A 2 a are 
weighted Hardy spaces, it is easy to see that ||'0||'y > |V’(0)l- Hence ip is 
constant and ||Cy , )¥ ,|| 7 = ?’ 7 (C^ jV5 ) = |^( 0 )|. □ 


By the dehnition of hyponormality, we can see that if a hyponormal op¬ 
erator is unitarily equivalent to another operator, then that other operator is 
also hyponormal; we use this fact in the proof of the following two theorems. 

Suppose that ip, not the identity and not an elliptic automorphism of 
ID), is an analytic map of the unit disk into itself. In the following theorem, 
we see that if C v, ^ is hyponormal, when ip{p) = p for some p G D and 
r e j(C^ u>) < |V’(p)|) then the function ip has a simple linear-fractional form 
that is the same as what Bourdon et al. and Le found in J2[ Theorem 10] 
and (15l Theorem 4.3]. Also Theorem 3.9 is an extension of Proposition 3.8. 


Theorem 3.9. Suppose that ip, not the identity and not an elliptic 
automorphism of B, is an analytic map of the unit disk into itself with 
<p(p) = p, where p G D. Assume that ip G H°°. Suppose that for each 
A G |A| < \ip{p)\. If is hyponormal on H 2 or A 2 a , then 

l|CW|| 7 = r 7 (C^ iV ) = I Ip{p)\ and ip = ip(p)j 

Proof. Let C^ j(p be hyponormal. Suppose that ip p = iL p /||/\p|| 7 and 
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a p {z) = (p — z)/(l —pz). By §2, Theorem 6] and [15], Corollary 3.6], we have 


II : — C'^ Qp C'^ iV ,C'^ p)Q , p (8) 

is hyponormal. Let a be the Krein adjoint of a p and g and h be the Cowen 
auxiliary functions for a p . Since TpT^ p = (T^ ph )* = T x /\\ Kp ^ and C* p = 
TgC ap T£, by [11, Remark 2.1(a)], we see that 


H 


rp p rp*rp* rp s-i rp r~l 

1 g'~ , a p 1 h 1 'ip p 1 iI , ^‘P 1 iIp L - , ap 


K, 


V 117 


-TgTipocip Tip p O(poa p Col p CipCoip 


c, 


q,a p ocpoa p 7 


(9) 


where q = (g ■ ip o a p ■ ip p o p o a p )/||iL p || 7 (see the proof of [2], Theorem 10]). 
Since H is unitarily equivalent to C^, )ip , cr er/ (Cp jlfi ) = a en {H). Since q(0) = 
ip(p), for each A £ cr e ^(C qt a p0ipoolp ), |A| < |g(0)|. We may apply Proposition 
3.8 to conclude that \\C q>ap0tpoap \\^ = r 1 (C q)0lp0poap ) = |<?(0)| = \ip(p)\. Since 
r 'y{C' q ,a p oipoa p ) = r 'y (C^) and C^ ){p is hyponormal, ||C(/, i¥ ,|| 7 = r^(C^ jip ) = 
\ip(p)\, as desired. Also Proposition 3.8 implies that q is constant. Since 
q = ip(p), g ■ ip o a p ■ ip p o p o a p = ||if p || 7 ^(p) on B. Then g o a p ■ ip ■ ip p o p = 
II-^pII 7 V , (p) on ^ follows that ip = ||l£p|| 7 ^(p )/(<7 o a p ■ ip p o p). Observe 
goa p = \\K p \\ 2 /K p and ip p op = K p o </VII^pII 7 - Hence ip = ip(p) □ 


Corollary 3.10. Suppose that p is analytic in a neighborhood of the 
closed unit disk. Let there exist p £ B such that p(p) = p. Assume that 
there is a positive integer n such that {e ld : \p n (e ld )\ = 1} has only one 
element £ which is a fixed point of p and £ £ F(p). Suppose that ip £ H°° 
is continuous at £ and |£>(£)| < H’(p)\- If I s hyponormal on H 2 , then 
i> = V’(P)^^ and HCVvJi = \ip(p)\ . 

Proof. By pi, Corollary 2.2], <7 e ,i{ C ^,gf) = cr e,i{T^,o lf ...^oi Pri _ 1 c Vn ) = 
'ip(() n (TeAC iPri ). Also pi, Exercise 3.2.5] and the general version of the 
Chain Rule given in m Chapter 4, Exercise 10, p. 74] imply that |A| < 

i^(£)r r e,i(c£,j < mw\p'(o \- n/2 < iV’Cor for each a e a ejl (c^j- % 

the Spectral Mapping Theorem, we can see that for each t £ o 

|f| < |V>(£)|- The result follows from Theorem 3.9. □ 


One example of p for Corollary 3.10 is a hyperbolic non-automorphism 
with a fixed point in B and another fixed point in <9B. 
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Theorem 3.11. Let ip £ A(B) with 99 (B) C B. Assume p and ( satisfy 
the hypotheses of the second and third sentences of Corollary 3.10. Suppose 
-if £ H°° is continuous at (. If is hyponormal on H 2 or A 2 a , then 

1^/2 ^ \\ C ^Ai < max (lb 

where p = \ip(C)K p (a p (C))K p (()\/\\K p \\ 2 with a p (z) = (p- z)/( 1 -pz). 

Proof. Suppose that C^ }(p is hyponormal. Let H be as in Equation (8). 
We see that the map a p o<poa p hxes a p ((). Since a p 1 = a p , by [3], Corollary 
7.6, p. 99], (a p o cp o a p )'(a p (()) = <p'(C)- By Proposition 3.7, we have 

|^(£)| 7/2 — \\(-'q,a lp oipoa p H 7 5: max{|g(a p (C))|,|g(0)|}, ( 10 ) 

where q = (g■'ifoa p -'iJj p o(poa p )/\\K p \\ 1 with g the Cowen auxiliary function 
for a p and ip p = iL p /||iL p || 7 . We have q( 0) = if(p). Moreover, 

( _ i>{Q K p( a p{Q) K p(0 

glplU) “ \\K p \\2 

Since H is unitarily equivalent to C^ tip , r^(H) = r 7 ((7^ i¥ ,). Since C.,p p and 
H are hyponormal, by Equations (9) and (10), the result follows. □ 
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